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Abstract
An atomic spectral line is characteristic of the element producing the spectrum. The line also depends on the isotope. The program ris3 (Relativistic
Isotope Shift) calculates the electron density at the origin and the normal and
specific mass shift parameters. Combining these electronic quantities with
available nuclear data, isotope-dependent energy level shifts are determined.
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1. Introduction
When the effects of the finite mass of the nucleus and the spatial charge
distribution are taken into account in a Hamiltonian describing an atomic
system, the isotopes of an element have different electronic energy levels.
The isotope shift (IS) is formed by two contributions: the mass shift (MS)
and the field shift (FS). The field shift, caused by the penetration of the
electron wave functions into the nuclear region, dominates for heavy atoms
whereas the mass shift plays a prominent role for light atoms. Relativistic
effects are expected to increase with the nuclear charge while the mass shift
contribution should become less significant. Shabaev and Artemyev [6] and,
in an independent way, Palmer [7], derived these relativistic corrections to
the mass shift. Since then several papers have shown the importance of such
relativistic effects to the isotope shift [1, 2, 3, 4, 5].
The present relativistic isotope shift program (ris3), designed as a module of grasp2K version 1 1 multiconfiguration Dirac-Fock package [8], is to
a large extent based on the tensorial expressions derived by Gaidamauskas
et al. [9], and we refer to this paper for a more comprehensive theoretical
treatment.
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2. Installation of the program
As the first step, go to the main directory grasp2K v1 1 of the new
grasp2K package. Type source make-environment xxx where xxx is the
compiler name (see README file of the grasp2K package). The grasp2K
environment variables are now set. Prepare backup copies of the Makefiles in
grasp2K v1 1/src/ and in grasp2K v1 1/src/appl/v3. These two Makefiles will be modified during the installation of the ris3 program so that
it becomes a fully integrated part of the grasp2K package. If anything
goes wrong during the installation process the user can always revert to the
original Makefiles.
To install the ris3 programs, copy the file RIS3 main.tgz to the main
directory grasp2K v1 1 of the new release of the grasp2K package. Untar
by typing tar -zxvf RIS3 main.tgz. A directory RIS3 main will appear as
well as a script Install RIS3. In the grasp2K v1 1 directory, execute the
installation script by typing ./Install RIS3. This will generate the executables ris3 and ris3 ljs of the ris3 program package without compromising
the other binaries. The executables are automatically moved to the subdirectory grasp2K v1 1/bin. The names of the executables follow the conventions
in grasp2K, where the extension 3 indicates that the angular part of the
programs are based on a combination of second quantization in the coupled
tensorial form, angular momentum theory in three spaces (orbital, spin and
quasispin), and a generalized graphical technique [10, 11].
Please note that the command source make-environment xxx must be
issued before any installation of ris3, since the environment variable $GRASP
needs to be defined.
3. Theory
3.1. Isotope shifts and sign convention
The frequency of a spectral line k connecting levels ` ↔ u, with Eu > E` ,
νk =

Eu − E`
,
h

(1)

differs from one isotope to another. The line frequency isotope shift between
isotopes A and A0
0

0
δνkA,A

≡

νkA

−

0
νkA

0

δEuA,A − δE`A,A
=
,
h
4

(2)

with

0

δEiA,A = EiA − EiA

0

(i = `, u) ,

(3)

is said to be “normal” if the line frequency is higher for the heaviest isotope,
0
i.e. if δν A,A > 0, with A > A0 [12]. This terminology is consistent with our
previous work on IS on electron affinities [13, 14, 15] and is natural when
restricting the IS to the “normal” mass shift (see end of section 3.3).
3.2. Numerical method
In the muticonfiguration Dirac-Hartree-Fock (MCDHF) method, the atomic
state function (ASF), of a state of an atom, is expressed as a linear combination of symmetry-adapted configuration state functions (CSFs), i.e.
X
|ΨP JMJ i =
cν |Φ(γν P JMJ )i ,
(4)
ν=1

where γν , P , J and MJ denote, respectively, the configuration and its coupling tree, the parity, the total angular quantum number and its projection
on the z-axis Jz .
The numerical MCDHF method is a variational method in which the
radial parts of the one-electron orbitals, used for building the CSFs, and
the mixing coefficients cν are obtained in a self consistent procedure that
optimizes the energy functional
XX
cµ cν hΦ(γµ P JMJ )|HDC |Φ(γν P JMJ )i .
(5)
E =
µ=1 ν=1

The latter is estimated from the expectation value of the Dirac-Coulomb
Hamiltonian [16]
HDC =

N 
X
i=1

N
X
1
,
c αi · pi + (βi − 1)c + V (ri ) +
r
i<j ij
2



(6)

where V (ri ) is the monopole part of the electron-nucleus interaction, α and
β are the (4 × 4) Dirac matrices and c is the speed of light (c = 1/α in atomic
units, where α is the fine-structure constant).
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3.3. Mass shift
The nuclear recoil corrections within the (αZ)4 m2 /M approximation are
obtained by evaluating the expectation values of the operator [6, 1]
HMS




N 
1 X
(αi · ri ) ri
αZ
=
αi +
· pj ,
pi · pj −
2M i,j
ri
ri2

(7)

with the Dirac wave functions, eigenfunctions of the operator (6). Rewriting (7) as the sum of the NMS and SMS contributions, i.e. separating the
one-body and two-body terms, and using the tensorial form r1 = rC1 , (7)
becomes
HMS = HNMS + HSMS ,

(8)

with
HNMS

HSMS


N 
 1
αZ
αZ
1 X
2
1
αi · pi −
pi −
αi · Ci Ci · pi ,
=
2M i=1
ri
ri

=

(9)


N 
 1
αZ
αZ
1 X
1
αi · pj −
pi · pj −
αi · Ci Ci · pj ,(10)
2M i6=j
ri
ri

that, in both cases, are rewritten as sums of three separate contributions:
1
2
3
HNMS ≡ HNMS
+ HNMS
+ HNMS
,

(11)

1
2
3
HSMS ≡ HSMS
+ HSMS
+ HSMS
.

(12)

and

The (mass-independent) normal mass shift KNMS and specific mass shift
KSMS parameters are defined by the following expressions
KNMS
M

≡ hΨ(γP JMJ )|HNMS |Ψ(γP JMJ )i
= [Ψ(γP J)kHNMS kΨ(γP J)] ,

KSMS
≡ hΨ(γP JMJ )|HSMS |Ψ(γP JMJ )i
M
= [Ψ(γP J)kHSMS kΨ(γP J)] ,
6

(13)

(14)

where each second equality gives, thanks to Wigner-Eckart theorem [17], the
relation between the matrix element of the mass shift operators and their
reduced matrix element (r.m.e.)1 . By analogy with (11) and (12), these
1
2
3
mean values can be expressed as KNMS = KNMS
+ KNMS
+ KNMS
and KSMS =
1
2
3
1
KSMS + KSMS + KSMS . The K term is generally labeled the “uncorrected”
value and the sum “K 2 + K 3 ” represents its “corrections”.
It is important to notice that the program sms92 [18], the first relativistic isotope shift program
P designed for grasp92 [19], calculates the NMS as
the expectation value h i Ti i, where Ti is the Dirac kinetic energy operator
Ti = c αi · pi + (βi − 1 ) c2 associated with
i, while the
P electron
2
1
program ris3 uses the expectation value hHNMS i = h i pi /2M i built on the
relativistic electron momenta. This issue is discussed in [20].
When discussing the transition isotope shift (2), one needs to consider the
variation of the mass parameter from one level to another. The corresponding
line frequency isotope mass shift is written as the sum of the normal mass
shift (NMS) and specific mass shift (SMS) contributions:
0

0

0

A,A
A,A
A,A
δνk,MS
= δνk,NMS
+ δνk,SMS
,

(15)

with
A,A0
δνk,MS


=

M0 − M
MM0



∆KMS
=
h



M0 − M
MM0


e MS ,
∆K

(16)

u
`
where ∆KMS = (KMS
− KMS
) is the difference of the KMS (= KNMS + KSMS )
parameters of the levels involved in transition k. As far as conversion face MS [GHz u]. Note
tors are concerned, we use2 ∆KMS [me Eh ]= 3609.4824 ∆K
that thanks to (8), equation (16) applies separately to both the NMS and
SMS mass contributions. When
applied to the normal mass shift, the line
A,A0
(A > A0 ) is a positive quantity since both
frequency isotope shift δνk,NMS
u
`
factors (M 0 − M ) and ∆KNMS = (KNMS
− KNMS
) are necessarily negative.
This observation is at the origin of the terminology qualifying a positive frequency shift as a “normal” one, corresponding to a line shift toward larger
wavenumbers for the heavier isotope.

1
notation is related to a more common one through hγJ 0 kOk kγJi =
√ This convenient
0
0
2J + 1 [γJ kOkγJ].
2
This conversion factor is calculated as (me /u)2R∞ c × 1.10−9 = 3609.4824 using the
2006 CODATA recommended values of the fundamental physical constants [21].
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3.4. Field shift theory
The energy shift arising from the difference in nuclear charge distributions between two isotopes A and A0 for a given atomic state (i) is called
the level field shift (FS). It can be estimated from the difference of the total
energies that are obtained, for level (i), by solving separately the infinite
mass MCDHF equations, using realistic nuclear charge distributions for isotopes (A, A0 )
0
0
(17)
δEiA,A = EiA − EiA .
When considering a wide range of different isotopes, (17) becomes inconvenient since the electronic wave functions have to be determined for all the
isotopes considered. Adopting the electronic density ρei,A0 for the zeroth-order
picture, perturbation theory can be used instead to get the first-order energy
correction [22, 23]
Z Z
1
e2
(1)A,A0
0
N
0
drdr0
ρe 0 (r)[ρN
(18)
δEi
=−
A (r ) − ρA0 (r )] ,
4π0
|r − r0 | i,A
where ρN and ρei are respectively, the nuclear charge density and level electronic density of a given isotope.
Assuming a spherical nuclear charge distribution and expanding the electron density within the nucleus (r < Rnucl ) as a polynomial
ρe (r) = b0 + b2 r2 + b4 r4 + . . . ,

(19)

the level field shift (18) can be written as [22, 23]
(1)A,A0

δEi
where
0

0

λA,A = δhr2 iA,A +

= Fi λA,A

0

C2 4 A,A0 C3 6 A,A0
δhr i
+
δhr i
+ ...
C1
C1

(20)

(21)

is the so-called “nuclear parameter” originally introduced by Seltzer [24],
reflecting the isotopic variation of the nuclear charge distribution, and where
Fi is the level electronic factor
 2 
2π
e
Fi =
Z
|Ψ(0)|2i .
(22)
3
4π0
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In the latter expression, |Ψ(0)|2 is the total probability density at the origin
that can be estimated by taking the r → 0 limit of the electron density [25]
1
lim ρe 0 (r) ,
(23)
r→0
4π r→0 i,A
using the electron wave function calculated for the reference isotope A0 .
Using (20) for levels i = (`, u) involved in transition k, the frequency field
shift of the spectral line k can be written as [12, 22, 23]
|Ψ(0)|2i = lim ρei,A0 (r) =

(1)A,A0

(1)A,A0

− δE`
0
=
= Fk λA,A
h
where Fk is the line electronic factor
 2 
e
2π
Z
∆|Ψ(0)|2k ,
Fk =
3h
4π0
A,A0
δνk,FS

δEu

(24)

(25)

proportional to the change of the total probability density at the origin
∆|Ψ(0)|2k = ∆ρek (0) = ρeu (0) − ρe` (0)

(26)

associated with the electronic transition between levels ` and u. The merit
of (20) and (24) is to factorize the FS into the electronic factors F and F
0
depending on the atomic state, and the nuclear parameter λA,A .
If the first term in Eq. (21) is dominant, the higher order contributions
can be neglected. In this approximation, the first-order level- and frequencyfield shifts (20) and (24) become
 2 
2π
e
0
(1)A,A0
δEi
'
Z
|ΨA0 (0)|2i δhr2 iA,A ,
(27)
3
4π0
and
A,A0
δνk,F
S

with

Z
'
3~



e2
4π0



0

∆|ΨA0 (0)|2k δhr2 iA,A ,

0

0

δhr2 iA,A = hr2 iA − hr2 iA .

(28)
(29)

Let us take A > A0 . If the nuclear charge distribution expands with the
0
number of nucleons (δhr2 iA,A > 0), the transition field shift frequency is
A,A0
negative (δνk,F
S < 0) when the upper level (u) has an electron density at
the origin smaller than the one of the lower level (`), i.e. ∆|ΨA0 (0)|2k < 0. In
this case, the FS contribution to the line isotope shift could be qualified as
“anomalous” in the sense that it counteracts the “normal” mass shift.
9

4. Outline of the method
Using multiconfiguration expansions (4), the reduced matrix elements of
a general spherical tensor operator Tqk becomes [16]


X



Ψ(γP J)kTk kΨ(γP J) =
cµ cν Φ(γµ P J)kTk kΦ(γν P J) .

(30)

µ,ν

4.1. Expectation value of one-body operators
4.1.1. The normal mass shift
P
The reduced matrix elements of the one-electron operator HNMS = i hNMS (i)
between CSFs is expressed as a sum over single-particle reduced matrix elements [16]
X
t0µν (ab) [na κa khNMS knb κb ] ,
(31)
[Φ(γµ P J)kHNMS kΦ(γν P J)] =
a,b

where the t0µν (ab) are the pure spin-angular coefficients arising from Racah’s
algebra [26, 27]
p
t0µν (ab) = (−1)∆+1 2ja + 1 R (ja , jb , Λµ , Λν ) δ(κa , κb )
(32)



h
i(0)
(q ja )
(q ja )
Na
Na
×
δ(na , nb ) ja αa Qa Ja a 1
× a− 1
ja αa Qa Ja
2



2

(q ja )

jaNa

0
jaNa

+ (1 − δ(na , nb ))
αa Qa Ja a 1
2


0
N
(q
j
)
Nb
b
b
.
× jb αb Qb Jb a− 1 jb αb Qb Jb

αa Qa Ja



2

The recoupling matrix R (ja , jb , Λµ , Λν ) is either a product of delta functions [27, eq. (18)] when na κa = nb κb or a combination of delta functions
and 6j-coefficients [27, eq. (22)] when na κa 6= nb κb . The symbols Λµ ≡
(Ja , Jb , Ja0 , Jb0 )µ and Λν ≡ (Ja , Jb , Ja0 , Jb0 )ν denote the respective sets of ac(q j)

tive subshell angular momenta. The operators amq are second quantization
(q j)
(j)
operators in quasispin space of rank q = 12 . The operator a 1 m = amj creates
j
2
electrons with angular momentum quantum numbers j, mj and its conjugate
(q j)
(j)
(j)+
a− 1 m = ãmj = (−1)j−mj a−mj annihilates electrons with the same quantum
j
2
numbers j, mj in a given subshell.
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The phase factor in (32) arises from the reordering needed to match the
recoupled creation and annihilation operators in the bra and ket vectors
contributing to the matrix element. We have ∆ = 0 when na κa = nb κb ;
otherwise its value is given by
∆=1+

j−1
X

Nr ,

(33)

r=i

where Nr is the occupation number of a subshell r, i = min{a, b} and j =
max{a, b}.
The radial part of the normal mass shift operator is given by
[na κa khNMS knb κb ] = δ(κa , κb )
(34)
Z ∞
lb (lb + 1)Pa Pb + e
lb (e
lb + 1)Qa Qb
1
(∂r Pa ) (∂r Pb ) + (∂r Qa ) (∂r Qb ) +
×
2
2M 0
r



κb − 1
Qa ∂r Pb + Qb ∂r Pa
+ (−αZ)
+ (−2αZ)
(Qa Pb + Qb Pa ) dr .
r
r2
∂
. Pa and Qa are respectively
We used the notations e
l = 2j − l and ∂r ≡ ∂r
the large and small components of the relativistic one-electron radial wave
function a = (na κa ), where κ = (l − j)(2j + 1).

4.1.2. The field shift
The electron density at the origin, needed to calculate the FS in the
approximation (27), is also the mean value of a one-body operator:
XX
cµ cν hΦ(γµ ΠJMJ )|δ(r)|Φ(γν ΠJMJ )i ,
(35)
ρe (r) =
µ=1 ν=1

where δ(r) probes the presence of electrons at a particular point in space,
here at the origin,
Pand can be written as the one-electron first-quantization
operator δ(r) = N
i=1 δ(r − ri ) . The reduction to sums over radial integral
is strictly equivalent to the one of the NMS
hφ(γµ P JMJ )|

N
X

δ(ri )|φ(γν P JMJ )i =

i=1

X
a,b

11

t0µν (ab)IFS (ab) ,

(36)

where δ(ri ) probes the presence of electron i at the origin, t0µν (ab) are the pure
spin-angular coefficient (32) and IFS (ab), in the relativistic multiconfiguration
approximation, is expressed as [18, 28]


Pnκ (r)Pn0 κ (r) + Qnκ (r)Qn0 κ (r)
.
(37)
4πr2
r→0
4.2. Expectation value of the two-body operator
Using Racah’s algebra one can express the r.m.e of any two-particle operator as [26, 27]
X
[Φ(γµ P J)k
g(i, j)kΦ(γν P J)]
i<j

=

X

X

X

(−1)∆ Θ0 (na la ja , nb lb jb , nc lc jc , nd ld jd , Ξ)

0 ,σ 0 K K
abcd k12 ,σ12 ,k12
l s
12

× T (na ja , nb jb , nc jc , nd jd , Λµ , Λν , Ξ, Γ) R (ja , jb , jc , jd , Λµ , Λν , Γ) .(38)
0
0
, Kl and Ks
, σ12
The two last sums are over intermediate ranks k12 , σ12 , k12
appearing in the expression of T (na ja , nb jb , nc jc , nd jd , Λµ , Λν , Ξ, Γ).
As for the one-body operator, the phase factors ∆ arise from the reordering
necessary to match the recoupled creation and annihilation operators in bra
and ket vectors. Γ specifies the recoupling scheme for each matrix element
and Ξ, when required, specifies the coupling scheme of the tensor operators
defining each matrix element.
The term R (ja , jb , jc , jd , Λµ , Λν , Γ) is the recoupling coefficient. In the case
of one interacting shell it reduces to delta functions [27, eq. (18)]. For two,
three and four interacting shells, the recoupling coefficients are given by [27,
eqs. (22), (26) and (33)], replacing l, L by j, J respectively.
The terms T (na ja , nb jb , nc jc , nd jd , Λµ , Λν , Ξ, Γ) in (38) are reduced matrix
elements of standard subshell creation/annihilation operators

a = a(qj)
mq ,
h
i(k1 σ1 )
(qj)
(qj)
W = amq1 × amq2
,

h
i(k1 σ1 ) (k2 σ2 )
(qj)
(qj)
(qj)
aW = amq1 × amq2 × amq3
,

12

(39)
(40)
(41)

h
(k2 σ2 )
i(k1 σ1 )
(qj)
(qj)
(qj)
Wa =
amq1 × amq2
× amq3
,
h
i(k2 σ2 ) (kk)
i(k1 σ1 ) h
(qj)
(qj)
(qj)
(qj)
WW =
amq1 × amq2
.
× amq3 × amq4

(42)
(43)

The creation and annihilation operators in (39)-(43) refer to a single subshell.
The evaluation of the submatrix elements of these operators is explained
in [27].
This general expression is implemented in grasp2K version 1 1, but
what is needed for the SMS evaluation is much simpler, since k1 = k2 = 1,
σ1 = σ2 = 0 and k=0, such as all three terms of (10) have the particular
form

g(i, j) = g1 (ri )g1 (rj ) T1 (i) · T1 (j) .
(44)
The reduction of the many-electron r.m.e. can be done in terms of twoelectron integrals X 1 , also called effective interaction strengths [16],
X
X
(1)
vµν
(abcd)X 1 (abcd) .
(45)
[Φ(γµ P J)k
g(i, j)kΦ(γν P J)] =
i<j

abcd

Adopting the covariant notation for the 3j-symbol of Wigner [29] and using
the definition of the scalar product of two irreducible tensor operators and
the Wigner-Eckart theorem, the matrix element of (44) can be written as
follows


1 
X
mb q jd
ma 1 jc
X 1 (abcd), (46)
hab|g(i, j)|cdi =
jb 1 md
ja q mc
q=−1

where
X 1 (abcd) = −hakg(ri )T1 (i)kcihbkg(rj )T1 (j)kdi .

(47)

From the structure of (12), the latter has three components
X 1 (abcd) = X11 (abcd) + X21 (abcd) + X31 (abcd) ,

(48)

that have the from
X11 (abcd) = hκa kC1 kκc ihκb kC1 kκd iV (na κa , nc κc )V (nb κb , nd κd ) ,
13

(49)

X21 (abcd) = −hκb kC1 kκd iV (nb κb , nd κd )

Z ∞ 

−αZ
dr
×
−Qa Pc h−κa kσ 1 kκc i + Qc Pa hκa kσ 1 k − κc i (50)
r
0
and
X31 (abcd) = − hκb kC1 kκd ihκa kC1 kκc iV (nb κb , nd κd )

Z ∞ 
−αZ
×
dr
(Qa Pc − Qc Pa ) ,
r
0

(51)

where V (nκ, n0 κ0 ) is a Vinti relativistic integral. Its analytic expression as
well as the ones of the three reduced angular one-electron matrix elements
hκkC1 kκ0 i, h−κkσ 1 kκ0 i and hκkσ 1 k − κ0 i can be found in [9].
5. Program structure
The program sms92 [18], predecessor of this version, was designed to be
used in two different ways: -i) if the electronic wave function was obtained
from a relativistic self-consistent process run, the angular coefficients could
be reused. -ii) if the wave function resulted from a relativistic configurationinteraction (RCI) run, the program calculated angular coefficients as they
were needed. This procedure has been replaced by the possibility of storing
angular coefficients in files. If requested by the user, the one-body angular
coefficients associated to KNMS and the density are stored in a file with
extension .IOB while the two-body ones, corresponding to KSMS , are stored in
a file with extension .ITB. These two files can be reused in later calculations,
saving a considerable amount of CPU time. If only one of the angular file is
present, the program will adapt itself and ask if the other one must be saved.
5.1. Files naming conventions
The passing of information between the ris3 program and other programs
of the grasp2K version 1 1 package is done through files. This process is
greatly facilitated through file naming conventions. A name is associated
with the files that define the wave function and holds the output of the different calculations. An extension defines the contents and format of the file.
Thus the file name becomes name.extension. The files associated with the
ris3 program are given below:
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name.c

Configuration state list

name.w

Binary file of radial functions

name.m

Binary file of expansion or mixing
coefficients produced by rscf or its variants

name.cm

Binary file of mixing coefficients produced by rci
or its variants

name.lsj.lbl File giving the LSJ expansion information of
the wave functions
name.i

Isotope shift data obtained with rscf mixing coefficients

name.ci

Isotope shift data obtained with rci mixing coefficients

name.IOB

File containing one-body angular coefficients

name.ITB

File containing two-body angular coefficients

5.2. Additional tool
jj2lsj is an additional program of grasp2K version 1 1 package that
allows a transformation of ASFs from a jj-coupled CSF basis into an LSJcoupled CSF basis. This useful tool has been adapted to the isotope shift
output: ris lsj. It prints output from the ris3 program using LSJ labels.
The program requires that a name.lsj.lbl file is available along with the
name.i or name.ci files. The output can be energy sorted.
risosupport integrated in the toolkit, evaluates the level and transition
isotope shifts for a given spectral line, for all the isotopes specified by the user.
The input data are the KNMS , KSMS and F electronic factors (in a.u.), taken
from the name.(c)i file, while the atomic masses (from which the nuclear
masses are extracted) and root-mean-square nuclear charge radii values are
provided by the user. The isotope-shifted transition energies are calculated
for all isotopes from the input value given for a reference isotope.
5.3. New subroutines and functions
Most of the subroutines used in this program are included in the grasp2K
version 1 1 package [8]. Below we describe only some of the subroutines and
functions that are specific for ris3.
angdata
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checks if name.IOB or/and name.ITB files that contains one or two-body angular coefficients, respectively, do exist.
densmcp
controls the main sequence of routine calls for the calculation of the NMS
parameter, the electron density at the origin and some of the radial mean
values.
densnew and densread
are used to, respectively, create or read angular coefficients values in name.IOB
file. Then subroutine uses the angular coefficients to build the density, the un1
corrected NMS parameter (KNMS
), radial mean values (hri, hr2 i, hr−1 i, hr−2 i)
1
2
3
+ KNMS
+ KNMS
). These are stored
and the sum of NMS parameters (KNMS
in the variables DINT1, DINT2, DINT3, DINT4, DINT5, DINT6, DINT7 respectively.
getmixblock
reads mixing coefficient file from block-structured format.
getsmd
interactively determines the remaining data governing the calculation.
rintdens
given the quantity (37) at a number of grid points close to the nucleus, this
subroutine calculates IFS (ab) by polynomial extrapolation to r = 0.
rinti NMS
calculates the r.m.e. [nκkhNMS kn0 κ0 ].
rint sms2 and rint sms3
calculate the integrals X21 (abcd) and X31 (abcd), respectively.
ris cal
controls the entire computation.
ris
this routine controls the main sequence of routine calls for the calculation of
the MS parameter, the electron density at the origin.
setsum and strsum
initializes the Summary File.
sigma 1 and sigma 2
compute the r.m.e. h−κkσ 1 kκ0 i and hκkσ 1 k − κ0 i, respectively.
smsnew and smsread
are use to, respectively, create or read angular coefficients values in .TB file.
Then subroutine uses them to build X11 (abcd) values.
vinti
Calculates the values of Vinti’s integrals.
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6. Input Data
Several files must be present to run the ris3 program. The nuclear data
needed to construct the radial grid are read from a grasp2K Isotope Data
File (isodata) and three files are required to describe the electronic state:
• a grasp2K Configuration Symmetry List File (name.c), which lists the
subshells, their occupation numbers and the coupling of the subshell
total angular moments;
• a grasp2K Mixing Coefficients file (name.m), which lists the mixing
coefficient of each configuration state function in each atomic state
function;
• a grasp2K Radial wave function File (name.w), which stores all radial
wave functions on a radial grid;
• the new grasp2K isotope shifts angular files (name.IOB and/or name.ITB),
if available.
In an interactive session, ris3 asks the user a few questions related to the
format and origin of the input files and to the desired output options. A
typical session is displayed in Fig. 3.
By replying, “no”, to the default settings, the user may modify the speed
of light from its physical value (typically to study non-relativistic limits),
change parameters controlling the radial grid, or perform a “first-order” calculation by responding appropriately to prompts. Filenames are provided
to the program as responses to prompts. The storage of one- and two-body
angular coefficients in files is also left to the user’s decision (this option is
interesting due to the large amount of memory that two-body angular coefficients can take). If both angular files exist the program will use them and
there will be no question about it.
If, for some reason, there are incomplete files with angular coefficients the
program will end with some error message when trying to process these files.
In these cases the user should remove the files and run the ris3 program
again.
7. Output Data
Output data are written to the files name.i or name.ci depending on if
the starting wave function was from an rscf or a rci calculation. Following
17

a summary of the electronic states and the nuclear parameters, the values
of the normal and specific mass shift parameters and electron density at the
nucleus are written to the ris3 output.
For each level considered, the “uncorrected” value K 1 of NMS or SMS is first
presented, followed by the addition of the corrections K 2 + K 3 and finally
by the sum of the three terms. A first line presents these results in atomic
e parameters (in GHz u) defined in (16), often
units (Eh me ), followed by the K
used in the literature. In third place comes the value of the density at the
origin, in atomic units (a−3
0 ), for each level.
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dans l’Industrie et dans l’Agriculture” of Belgium for a Ph.D. grant (Boursier F.R.S.-FNRS). This work was supported by the Communauté française
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Test run output
Once installation is over, we recommend the user to run the test cases
proposed in the subdirectory Grasp2K v1 1/manual/test ris. Therein, the
directory “Input” contains two script files (scriptNd 2S and scriptNd 2P)
that produce results files. The latter should match perfectly the ones already
present in the “Output” directory.
The test run proposes to generate electron densities (23), normal (13) and
specific mass shift (14) parameters for two states of neodymium (Z = 60)
lithium-like, the ground state 1s2 2s 2 S1/2 (with scriptNd 2S) and the two
excited states 1s2 2s 2 P1/2,3/2 (with scriptNd 2P). The purpose of these two
cases is to show to the user how calculations are handled for a single level
but also a case where several levels are optimized at the same time. A
“readme RIS” file is at the disposal of the interested user that desires details
of the above calculations.
The contents of the file isodata are displayed in Fig. 1; those of clist.out
appear in Fig. 2. In the following example, the default nuclear root mean
square of the grasp2K has not been used, instead one uses hr2 i1/2 = 4.9118 fm
coming from Angeli’s tables [30]. The session log for the test run has been
captured in Fig. 3. A truncated form of the ris3 Summary File for the test
run appears in Fig. 4. Finally, the outputs of the programs ris3 lsj and
risosupport are displayed in Fig. 5 and Fig. 6, respectively.
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Atomic number:
60.00000000000000
Mass number (integer) :
142.0000000000000
Fermi distribution parameter a:
0.5233875553104315
Fermi distribution parameter c:
5.822471528184657
Mass of nucleus (in amu):
141.9077233
....

Figure 1: The grasp2K isotope file isodata.

Core subshells:
Peel subshells:
1s
2s
2p- 2p
CSF(s):
1s ( 2) 2s ( 1)
1/2
1/2+
1s ( 1) 2s ( 2)
1/2
1/2+
1s ( 1) 2p ( 2)
1/2
0
1/2+
1s ( 1) 2p-( 1) 2p ( 1)
1/2
1/2
3/2
1
1/2+
1s ( 1) 2p-( 2)
1/2
1/2+
2s ( 1) 2p ( 2)
1/2
0
1/2+
2s ( 1) 2p-( 1) 2p ( 1)
1/2
1/2
3/2
1
1/2+
2s ( 1) 2p-( 2)
1/2
1/2+

Figure 2: The grasp2K Configuration Symmetry List File rcsl.out.
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block
ncf
nev
2j+1 parity
1
8
1
2
1
====================================================
RIS_CAL: Execution Begins ...
====================================================
One-body angular file not available
Two-body angular file not available
Save ang. coefficients of one- and two-body op.?
y

$ ris3
RIS: Execution begins ...
Default settings?
y
Name of state
Nd1s2_n2
Mixing coefficients from a CI calc.?
n
Loading Configuration Symmetry List File ...
There are 4 relativistic subshells;
There are 8 relativistic CSFs;
... load complete;
Nd1s2_n2.wsetrwfa
Loading Radial WaveFunction File ...
nelec
ncftot
nw
nblock

=
=
=
=

3
8
4
1

====================================================
RIS_CAL: Execution Finished ...
====================================================
Wall time:
1 seconds
Finish Date and Time:
Date (Yr/Mon/Day): 2012/03/07
Time (Hr/Min/Sec): 11/39/05.332
Zone: +0100
RIS: Execution complete.

Figure 3: The ris3 test run session log
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There are 3 electrons in the cloud
in 8 relativistic CSFs
based on 4 relativistic subshells.
The atomic number is 60.0000000000;
Fermi nucleus:
c = 1.100287576457D-04 Bohr radii,
a = 9.890590653689D-06 Bohr radii;
there are 82 tabulation points in the nucleus.
Speed of light =

1.370359990740D+02 atomic units.

Radial grid: R(I) = RNT*(exp((I-1)*H)-1), I = 1, ..., N;
RNT
H
N
R(1)
R(2)
R(N)

=
=
=
=
=
=

2.000000000000D-06
5.000000000000D-02
590;
0.000000000000D+00
1.025421927520D-07
1.233111896689D+07

Bohr radii;
Bohr radii;
Bohr radii;
Bohr radii;
Bohr radii.

...
CUTOFF set to

1.000000000000000D-10

Level

J Parity

Normal mass shift parameter

1

1/2 +

<K^1>
0.6030538894D+04
0.2176712406D+08

Level

J Parity

Specific mass shift parameter

1

1/2 +

<K^1>
0.1037698969D+02
0.3745556176D+05

<K^2+K^3>
-0.2053960862D+04
-0.7413735600D+07

<K^2+K^3>
-0.3065885200D+01
-0.1106625870D+05

<K^1+K^2+K^3>
0.3976578033D+04
0.1435338846D+08

(a.u.)
(GHz u)

<K^1+K^2+K^3>
0.7311104493D+01
0.2638930306D+05

(a.u.)
(GHz u)

Electron density in atomic units
Level

J Parity

1

1/2 +

DENS (a.u.)
0.4181859223D+06

Figure 4: Test run output Nd2S n2.i
Energy
-4204.7380729
-4199.5777646
-4177.5643106

State
1s(2).2s_2S
1s(2).2p_2P
1s(2).2p_2P

J
1/2
1/2
3/2

P
+
-

K_NMS (a.u.)
3.9766011D+03
3.9729127D+03
3.9527821D+03

K_SMS (a.u.)
7.7414916D+00
-2.1929177D+02
-2.3522968D+02

Figure 5: Test run output of ris3 lsj
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Dens (a.u.)
4.1818792D+05
3.9134710D+05
3.9040259D+05

==============
Initial data
==============
...
================================================
Transition energies for the different isotopes
================================================
The reference isotope is 142Nd
E_h
5.1603083867E+00

eV
140.419142

cm-1
1.1325567321E+06

MHz
3.3953197395E+10

Angstrom
8.8295797611E+01

E_h
5.1603228508E+00

eV
140.419536

cm-1
1.1325599256E+06

MHz
3.3953292565E+10

Angstrom
8.8295550121E+01

E_h
5.1588011515E+00

eV
140.378128

cm-1
1.1322259512E+06

MHz
3.3943280264E+10

Angstrom
8.8321587259E+01

For 140Nd:

For 150Nd:

===============================================
Transition isotope shifts for an isotope pair
===============================================
For the transition ... ...
the isotope shifts between pairs of isotopes are:
E_h
eV
cm-1
MHz
Angstrom
142Nd-140Nd
NMS
= 2.0373182060E-07
0.000006
4.4713965047E-02
1.3404909556E+03 -3.4859668538E-06
SMS
= 1.2540369733E-05
0.000341
2.7522929519E+00
8.2511667336E+04 -2.1457282959E-04
MS
= 1.2744101554E-05
0.000347
2.7970069169E+00
8.3852158292E+04 -2.1805879644E-04
+
FS
= -2.7208224993E-05
-0.000740 -5.9715149933E+00 -1.7902151669E+05
4.6554814165E-04
----------------------------------------------------------------------------------------------------IS
= -1.4464123440E-05
-0.000394 -3.1745080763E+00 -9.5169358397E+04
2.4748934521E-04
150Nd-140Nd
NMS
= 9.6617658321E-07
0.000026
2.1205124385E-01
6.3571363938E+03 -1.6531828627E-05
SMS
= 5.9471375385E-05
0.001618
1.3052457846E+01
3.9130284403E+05 -1.0175889202E-03
MS
= 6.0437551968E-05
0.001645
1.3264509090E+01
3.9765998043E+05 -1.0341207488E-03
+
FS
= -1.5821368814E-03
-0.043052 -3.4723889967E+02 -1.0409960377E+07
2.7071258237E-02
----------------------------------------------------------------------------------------------------IS
= -1.5216993294E-03
-0.041408 -3.3397439058E+02 -1.0012300397E+07
2.6037137488E-02
150Nd-142Nd
NMS
= 7.6244476261E-07
0.000021
1.6733727881E-01
5.0166454382E+03 -1.3045861773E-05
SMS
= 4.6931005652E-05
0.001277
1.0300164894E+01
3.0879117670E+05 -8.0301609063E-04
MS
= 4.7693450414E-05
0.001298
1.0467502173E+01
3.1380782213E+05 -8.1606195240E-04
+
FS
= -1.5549286564E-03
-0.042312 -3.4126738467E+02 -1.0230938860E+07
2.6605710095E-02
----------------------------------------------------------------------------------------------------IS
= -1.5072352060E-03
-0.041014 -3.3079988250E+02 -9.9171310383E+06
2.5789648143E-02

Figure 6: Test run output of risosupport
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